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Abstract—This paper considers a game of three oligopolistic firms (a triopoly) with the linear
demand and cost functions of players. The reflexive behavior of players is investigated through
a formalization with conjectural variations, i.e., players’ expectations regarding the impact of
their actions on the counterparty’s action. A method is developed to calculate the optimal
(consistent) sum of conjectural variations of a given player in terms of the utility functions of
the other players (environment). An algorithm is proposed to control the player’s actions by
the environment: implementing this algorithm forms a given mental type of the player and
predetermines the latter’s goal-oriented behavior. Computer simulations are carried out for a
hierarchical game in which the environment (the Principal) applies informational control to the
player’s actions, using the Russian telecommunications market as an example. According to
the simulation results, the control algorithm is effective and increases the environment’s utility.

Keywords: oligopoly, conjectural variation, hierarchical game, optimal control, telecommunica-
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1. INTRODUCTION

The game-theoretic model of oligopoly as an economic sphere in which several firms sell an
identical product formalizes the interaction of these firms as players. As a rule, players are treated
as price takers: they face the equilibrium market price on the aggregate demand curve and perform
game actions (choose their strategies) in the form of supply quantities of the product. The key
feature of this game is that the equilibrium price depends on the actions of all players, so when
choosing a strategy, players must predict the actions of their counterparties (the environment). The
change in the environment’s action expected by a player in response to a unit change in the latter’s
action is called a conjectural variation. The player’s a priori unawareness regarding the conjectural
variations of the environment predetermines the fundamental complexity of the oligopoly game. As
is known from the classical models of A. Cournot [1] and H. Stackelberg [2], the optimal strategies of
players depend on two factors: the inverse demand function for the product and the cost functions
of the players. Therefore, the simpler form these functions have, the more complete and informative
the analysis of oligopoly game outcomes will be.

The oligopoly game with the linear demand function for a product and linear cost functions
of players is the most typical case considered by researchers [3-17], since this model is the most
convenient tool for studying game strategies. In particular, dynamic oligopoly games based on
finite-difference equations of players’ responses [3-6] and dynamic games with differential equa-
tions describing the change process of the utility functions of players [7-9] were studied in such
a formulation. A dynamic game based on fractal differential equations of changes in the players’
actions was investigated as well [10]. Also, static oligopoly games were introduced and Cournot
and Stackelberg equilibria were compared accordingly [11].
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Applied aspects of the oligopoly game with linear demand and cost functions were considered
in the context of choosing a firm’s tax policy [12], assessing the consequences of merging firms [13],
entering a bilateral oligopoly game by a new firm [14], selling product sets [15, 16], and adopting
new technology [17].

The above studies involved a non-hierarchical game-theoretic model of oligopoly with initially
equal players, even in the case of Stackelberg leadership: being not conditioned by an original
hierarchy of players, leadership arises from their asymmetric awareness in game dynamics. The
awareness levels were formalized using reflexion ranks r, and reflexion was understood as the process
of making conjectures by a player regarding the strategies of other players (the environment) [18].
As a result of this process, each player creates a set of phantom environment players in the mind,
which can be followers at reflexion rank 1, first-level Stackelberg leaders at reflexion rank 2, and
(r — 1)th-level Stackelberg leaders at reflexion rank r. In other words, at each reflexion rank,
the player thinks that the environment consists of players of a lower reflexion rank. Relating
these theoretical considerations to business practice, we emphasize that the decision-maker (DM)
representing a firm may have no idea of Stackelberg leadership as a scientific category. Nevertheless,
when choosing an appropriate action in the market, the DM must analyze the possible responses
of the counterparties (i.e., must perform reflexion). Therefore, if a player correctly predicts the
environment’s beliefs (i.e., the phantoms coincide with the real players), he/she will dominate in
equilibrium in accordance with the leadership level [19]. But in a non-hierarchical model of the
game, the leader does not actually control the environment players.

However, in reality, it is easy to imagine a game situation where a certain group of players can
choose a common strategy aimed at increasing their payoffs at the expense of one player. Therefore,
a topical issue is to study the following hierarchical system of oligopoly players: a group of players
(the Principal) controls the strategy of a certain player by choosing a group strategy, inducing this
player to choose an optimal strategy in terms of the group’s utility functions. In this case, the
control process is also based on the above reflexive behavior of players. Below, this problem is
investigated for the three-player game model with linear demand and cost functions, which makes
the analysis of equilibria explicit.

2. THE NON-HIERARCHICAL GAME WITH LINEAR DEMAND
AND COST FUNCTIONS (THE LINEAR MODEL)

The non-hierarchical model of an oligopoly market describes the behavior of n players (firms)
supplying an identical product to the market. The consumer demand for this product is charac-
terized by an inverse demand function P(Q), decreasing with the total sales quantity Q(Fp < 0).
The players are equal and choose actions (strategies) in the form of their supply quantities @;, in
accordance with their increasing cost functions C;(Q;) (Cgy; > 0), with the goal of maximizing the

utility function m;(Q, Q;) = P(Q)Q; — Ci(Q;).
Consider the oligopoly game in the case of the linear demand and cost functions of players:
PQ)=a-bQ, A>0, b>0, a>0b,
Ci(Q;) = Boi + BiQ;, Boi =0, B;>0,
where (Q; denotes the action of player ¢; a,b, By;, and B; are constant coefficients expressing the

parameters of the demand function (the maximum price a and the price decline rate b) and the
parameters of the cost function (the fixed costs By, and the marginal costs B;). The total action

of the players is Q = >_;cn @i-
In this case, the players seek to maximize their utility functions m; as follows:

gli%m(Q,Qi) = gli%[(a —bQ)Q; — Boi — BiQi], i€ N={1,...,n}, (1)
where N stands for the set of players and n is the number of players.
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The Nash equilibrium Q7 in the non-hierarchical game I' = (N, {Q;,7 € N},{m;,i € N}) is cal-
culated based on the necessary optimality conditions %&’pij) =0, 4,7 € N, which involve the
conjectural variation of player i. For the system of the objective functions (1), the necessary

optimality conditions have the form

a—bQ—b(1+S5))Q;—B;=0, ieN, S = > pi, (2)
JEN\i

where S! is the sum of conjectural variations of player 7 at reflexion rank r. Due to equations (2), the
sum of congectural variations (SCV) of each player is crucial for calculating the game equilibrium:
the other parameters in (2) can be considered common knowledge, and the player’s SCV value may
be unknown to the environment.

With the player’s type parameter denoted by a; = “_bBi, system (2) can be conveniently written
as

i = (24 5)Qi— Q- =0, i€N, (2a)

where sz is the total action of the environment of player i; the environment is designated as the
generalized player j.

A comparative analysis of (1) and (2a) allows deriving the maximum profit of player i depending
on the latter’s equilibrium action, i.e., the function 7} = m;(Q}), in the case of reflexive behavior
of players.

Proposition 1. Under the reflexive behavior of all players, the dependence of the maximum of
the player’s utility function on his/her equilibrium action has the form

= b(1+ 87)(Q)* — Boi. (3)
Proof. From (1) it follows that

T = (a —b (Qz‘ + sz)) — BiQi — Bo; = b (047; - (Qz‘ + sz)) Qi — Boi;
on the other hand, by formula (2a),
0 - Qf — Qiy = (L4 SHQI

Substituting this result into the former expression finally gives (3).

According to equations (2), the solution of this system (the vector of equilibrium actions Q* =
{Qf,i € N}) depends on the SCV vector S = {S;,7 € N}. Therefore, if the SCV value of some
player i is such that the utility functions of the other players (the environment) are maximized
in equilibrium, then we can say that the environment purposefully controls this player (i.e., a
hierarchical game arises).

3. THE HIERARCHICAL GAME IN THE LINEAR TRIOPOLY MODEL

Consider an oligopoly game with three players (i.e., the triopoly case). In this model, one player i
opposes all other players (the environment), which have a common goal of reaching a beneficial
action of the former player from their standpoint. Therefore, player ¢ will be called the controlled
player. Let the number j be associated with all environment players taken together.

We describe the awareness system in the hierarchical game with the reflexive behavior of players
by the following assumptions.

1) All players are completely aware of each other’s utility functions and actions and choose their
actions simultaneously; the controlled player and the environment are independent of each other.
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2) Environment players j are informed about each other’s conjectural variations and are not
informed about the SCV values of the controlled player; they choose the same strategies (actions
denoted by ¢) and have the same SCV value (denoted by s). In addition, suppose that the envi-
ronment players are identical in the type parameter «;, j € N\i, with a being the average value of
this parameter. Accordingly, the values of the environment’s objective functions will be the same,
denoted by 7. The environment players can change the SCV value in a coordinated manner de-
pending on the SCV value of the controlled player. Moreover, this dependence is inverse: increasing
the SCV value of the controlled player (lowering his/her leadership level) reduces the SCV value
of the environment (i.e., raises its leadership level). We formalize this assumption as follows:

1
q:Q]7 a:n—l ZO[]', ™ =Ty,
s =25, S/ZZ? <0, s =constVje N\i.

3) At each time instant (step) of the game, the controlled player i chooses an action independently
of the environment’s actions by considering the latter’s previous actions. The controlled player is
unaware of the SCV values of the environment but can indirectly estimate them by restoring the
optimal reactions (best responses) from the observed actions of the environment and his/her actions.
The controlled player determines the SCV value as a Stackelberg leader (i.e., by differentiating the
optimal reaction function of the environment).

4) Both counterparties (the controlled player and the environment) are unaware of each other’s
true leadership levels: they do not know the opponent’s SCV value in the game.

The last assumption is crucial for organizing an informational control process by manipulating
the controlled player’s actions. With a goal-oriented action, the environment can create a controlled
player’s belief that the former’s SCV value has changed appreciably, although the true action may
be unit, leaving the environment’s reaction curve and SCV value actually unchanged.

Based on these assumptions, we formulate a hierarchical model of the game: if the controlled
player chooses an optimal action considering the available data on the environment’s SCV values,
then the environment maximizes its utility functions, inducing the controlled player to choose the
best SCV value from the former’s standpoint. In other words, the environment solves the following
problem:

HISQXW* (Q(S, Sz)v Qi(sv Sz))7 s = 80 = CODSt, (5)

7

provided that the controlled player chooses the strategy from the condition

%@Xﬂi(Q(Svsi)>Q(s>Si))v (6)

7

where s° is the environment’s SCV value at the initial step of the game.

Consider the environment’s control process for the behavior of player i. For this purpose, we
determine the optimal SCV value S; of this player in terms of the environment’s utility function (5):
S’i = arg %&XW(Q(S, SZ)7 Qi(87 S’L))

Proposition 2. The controlled player’s SCV walue mazimizing the utility function (5) of the
environment is calculated by solving the equation

2(1+s)g5 +q"s' =0 (7)
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under the condition
1+ 5s)g*
s < —M. (7a)
2qs,
Proof. By the first-order optimality condition applied to the environment’s objective func-
tion 7* (3), we have
ms, = 20(1 + s)q5,q" + b(q*)*s’ =0,
which immediately gives (7). Let a change in the SCV value weakly impact the shift of the
equilibrium qi“g’i'si. In view of s” =0 (see (4)), we transform the second-order optimality condition

Ths, = b{25'q5q" +2(1 + 5)(a%,5,0" + %) + 205,4°' + ¢**s"} < 0 (7b)
to
25'q% + (1+s)g" < 0. (7¢)

The analysis of the Stackelberg leadership levels dynamics shows that q;‘; > 0; in addition,
1+ s > 0 in the linear oligopoly model. Therefore, according to (7b), the maximum is achieved at
s" < 0 (see Assumption (4)), particularly under condition (7a).

Note that equation (7) corresponds to the previously known formula [20] 2(1 + S})Q ;:%Pé +
" aS” "
((1 + 57 )PQ s, T Péa—sji)Q;Z = 0 for the general oligopoly problem, since Pé? = —b and Ppg, =0
in the model with linear demand and cost functions under consideration.

4. OPTIMAL CONTROL METHODS

Equation (7) has been written for each environment player. The desired value S; in (7) figures in
the expressions for q;‘;, q*, which are necessary to calculate this unknown. Therefore, we consider a
special case of a triopoly, where, without loss of generality, the second player will be the controlled
one (i = 2) whereas the first and third players the environment (5 = 1, 3).

Let us find the equilibrium in this game and the solution of the control problem in the hierarchical
system (5).

Proposition 3. In the triopoly game with players j = 1,3 as the environment and player i = 2
as the controlled one, we have:

i) The optimal reaction functions of the controlled player and the environment are given by

a— Q) ay — 2q
= = . 8
q 3+s ) QQ 2+ S2 ( a)
i1) The equilibrium actions have the form
—a(2+ S 20— an(3
. ag — a2+ 53) Q5 - a—az(3+s) (8D)

T2 (24 5)@B+s) 2—(2+5)(3+s)

ii1) The controlled player’s SCV wvalue mazimizing the utility function of the environment is
calculated by solving the equation

*

21+ 5L =2 4 g7 =0 (8¢)
under the condition
7.‘-*/./ ) 4 * *
Sésl = Z s/ (% +(1+s)g" — a) +2(1+5)g*? <0, (8d)

where y =2 — (24 52)(3+ 8) and z = s (24 S3) + 3+ s.
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Proof. In the case under consideration, system (2a) becomes
ar— (24 51)Q1 — Q3 — Qs =0
1—( 1)Q1 — Q3 — Q2 {2(1—2(2—1—8)q—2Q2—2q:0

ay—(2+892)Q2—Q1—Q3=0 as — (24 52)Qs — 2¢ = 0.

az —(2+53)Q3 — Q1 — Q2 =0,

Consequently, the optimal reaction functions of the second player and the environment take the
form (8a). Resolving them yields the equilibrium actions (8b). For the sake of simplification, let
us introduce y =2 — (2+ 52)(3+ s) and z = s'(2+ S2) + 3+ s. In this case, the derivative q:“g; is
calculated as

g mz—aly+2(2+5)  zlap—a2+5)] oy z2¢"—a

qs, = = .
So yz yz yz y

Therefore, equation (7) turns into (8c).

Now we derive the second-order optimality condition (7a) for the environment’s objective func-
tion. In view of s” = 0, the value qg;/ s, can be expressed in the form

(2'q" + 2q8,)y —y'(2¢" —a)  2'q" + 2245,
05252 = y? B Yy

(more precisely than (7a)).
Substituting this expression into (7b), after appropriate transformations with 2’ = 2s’, we obtain

*II

Tao g « 2q* — « 25lq*+22q*l *
szsl =g (43’761 ; +2(1 +s)—y 52 ) £ 2(1 4 5)¢g*?

= 2L (alsq" + (4 s)a3) + 11+ 90" — o) + 201+ s)g’

According to (7), the change (1 + s)qg; = —S/Tq* in the last equality finally leads to the sufficient
maximum condition (8d).

Proposition 3 can be used to find Ss.

Now we develop an algorithm for reaching the target value Sy from the environment’s stand-
point. Let an equilibrium (¢°, Q9) be established at some initial step 0 of the game under some
SCV values Sy (the controlled player) and s” (the environment), which are unknown to the coun-
terparties. Let us determine the environment’s phantom reaction under which the controlled player
will choose the SCV value S5. We denote by s ¢ the SCV value that the environment must have
for the controlled player to determine his/her SCV value as Ss. It will be called the phantom SCV
value of the environment.

Proposition 4. In the triopoly game, the controlled player i = 2 establishes the response according
to So under the phantom SCV of the environment (j = 1,3) if and only if

1
s1=-5 -3 9)

Proof. If the controlled player performs the action Qo and the environment responds with the

action ¢, the former will calculate the SCV value by differentiating the environment’s reaction

function. The environment’s phantom reaction gr(Q2) is calculated by substituting the unknown
/

value sy into (8a): ¢f = ?”:rng' Then Sz = qq, = (%:r?fQ)QQ = —3 Jrlsf. Therefore, if the environ-

ment’s goal is to induce the controlled player’s choice So, then from Sy =

1 .
34y we obtain the

environment’s SCV value (9) required.
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Based on Proposition 4, we organize the following iterative control process with time instants
(steps) 0,t,t 4+ 1,t 4+ 2,..., indicated by the superscripts of the players’ actions (¢t > 0).

1. At step t, the environment performs an action calculated according to its phantom reaction
function:

2. At step t + 1, the controlled player calculates the SCV value (9) given this action, which is

equal to S, and then responds according to the new reaction function Qé“ = o;+—_§2q :
2

¢
11 Q2 —2q

2 24+ Sy
3. At step t + 2, the environment performs an action according to its true reaction function:
t+1
t+2 _ X2 — W&o
3+ 50

4. At step t + 3, the controlled player calculates the SCV value (9) given this action, which is

equal to SY, and then returns to the original reaction function Q?FS = 0§2+—_,5'20q'
2

5. At steps t +4,t 4+ 5,..., the environment and the controlled player repeat Stages 3 and 4,
and the game equilibrium returns to the initial state (¢°, Q3).

At steps t + 1 and ¢t + 2 of this process, the environment achieves the desired result and receives
the maximum profit. As is known [3-6], the above iterative process converges to the equilibrium (8b)
fast enough; therefore, suppose that the game state has already stabilized starting from step ¢ + 3.
Consequently, the environment receives an additional payoff at steps ¢+ 1 and ¢+ 2 but may
incur losses at step t. The payoffs at different steps must be brought to a comparable level based
on discounting 7y(t) = wte P!, commonly used in dynamic oligopoly models [9]. To assess the
effectiveness of the iterative control process, we compare the maximum values of the environment’s
utility function at steps 0, t, t + 1, and ¢ 4 2 : control is effective if

a¥te—pt + 7_(_>s<75—i-1€—p(t—|—1) + 7_(_>s<75—i-26—p(t—i-2) > 7_‘_>»<0(6—pt + e—p(t—i-l) + 6—p(t+2))’

where p denotes a discounting factor.

5. EXPERIMENTAL ANALYSIS OF OPTIMAL CONTROL

Consider a numerical experiment for the optimal control process. Computer simulations were
carried out on the 2016—2021 demand and operator cost data for the Russian telecommunications
market [22]. The linear demand function for the voice traffic of mobile operators was constructed
in the form

P(Q)=a—-0bQ, a=16, b=0.000001;

the cost functions of mobile operators were taken without fixed costs due to the latter’s negligible
impact on the equilibrium:

Ci(Qi) = B;Qi, B; =0.0005, By =0.0018, Bs=0.0004,

where 7 = 1 corresponds to MTS, i = 2 to Megakon, and ¢ = 3 to VimpelCom.

As in Section 4, the second player is the controlled one, with the action denoted by ()2, and
the first and third players represent the environment (j = 1,3), with the same actions denoted
by ¢. Figure 1 shows the optimal reaction lines of the players (indicated by R) in the cases of
Cournot equilibrium (the SCV values are s = Sy = 0) and three-party Stackelberg leadership (the
SCV values are s = Sy = —0.5); the latter case is treated as the initial state of the game (point 0).
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Fig. 1. Cournot equilibrium (C) and three-party Stackelberg leadership (0).
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Fig. 2. The environment’s utility functions depending on the controlled player’s SCV value for different s’.

Table 1 and Fig. 2 show the impact of changes in the environment’s response on the correspond-
ing changes in the controlled player’s response, expressed by s’. The following model dependence
was used:

s=—14 55,

in which s € (—1,0] for Sz € (—1,0] and s’ € (—1,0]. According to the data in Table 1, reducing
the rate of change of the environment’s SCV value (the absolute value of s') shifts the target SCV
value S of the controlled player closer to zero and increases the maximum utility 7* of the environ-
ment. The graphs in Fig. 2 demonstrate the existence of a maximum of the environment’s utility
function for certain SCV values of the controlled player. Note that the second-order optimality
condition (8d) was also verified.
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Fig. 3. The informational control process from Stackelberg leadership (0).

Figure 3 demonstrates the informational control process from the state of three-party Stackelberg
leadership (point 0) for the case s’ = —1. At step 1, the environment’s action according to its
phantom reaction function R13(phantom) transfers the game to the state E'; and the controlled
player performs an action corresponding to the initial position 0 in the game. This change in the
environment’s action allows the controlled player to establish that the former’s behavior corresponds
to the SCV value Sa; therefore, at step 2, this player changes his/her reaction function to the one
desired for the environment, R2(target). Then the game evolves to the state E(+D and the
environment’s action remains at the level E*. Responding at step 3, the environment returns to
its true reaction function R13(s = —0.5), since the environment calculated its optimal target SCV
value of the controlled player precisely for its initial SCV value. As a result, the game passes into
the state EH2) . The further process of restoring the initial equilibrium at point 0 is not shown
here: at step t + 2, the players’ actions are already close to this point.

The economic effect of informational control is presented in Table 2 at a discount rate of 10%.
The total discounted utility of the environment for three steps of the control process exceeds the
total discounted value of its utility in the initial state of the game, which confirms the validity of

Table 1. The impact of changes in the environment’s SCV value on the
environment’s optimum when changing the controlled player’s SCV value

Case s S q* *
1 -1 —0.2338 5079027 128969
2 —0.75 —0.1478 518714 134 506
3 —0.5 —0.002 533454 142260

Table 2. The economic effect of informational control, p = 0.1

Nominal values Discounted values

Step e—pt 77.*0 ﬂ.*t 77.*0 ﬂ.*t

t 0.905 | 104761 | 163474 94821 147963
t+1 | 0819 | 104761 | 129758 85823 106 301
t+2 | 0.741 | 104761 85005 77680 63031
Sum 258324 | 317295
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such control from the environment’s standpoint. Note an increased utility of the environment at
step t, which is not always the case; in the situation under consideration, the first action of the
environment was less than in the initial equilibrium, resulting in an equilibrium price increase; if
the first action of the environment were the opposite, its utility would decrease.

6. CONCLUSIONS

This paper has demonstrated the fundamental possibility of implementing informational control
of player’s actions in a triopoly game by other players (the environment). The linear models of
demand and cost functions have been considered; in this case, explicit expressions for the optimal
reactions and equilibrium actions of players have been derived, an informational control algorithm
has been developed, and the effect of informational control has been illustrated. The following key
results have been obtained.

The dependence of the maximum of the player’s utility function on his/her equilibrium action
under the reflexive behavior of all players has been established, showing that the player’s payoff
depends both on his/her SCV value and the SCV value of the environment through the former’s
equilibrium action. Hence, by varying the SCV value of the environment, this player can increase
his/her maximum payoff, which is the basis to control the environment through its SCV value as
the control parameter. However, one player cannot manipulate the other players, while a group of
players, acting in concert, can change the beliefs of one player.

Therefore, a hierarchical game has been investigated in which the environment controls a certain
player by finding the optimal SCV value for him/her. An equation has been obtained for calculating
the optimal SCV wvalue of this player in terms of the environment’s utility function. To motivate
the controlled player to choose the required SCV value, the method of optimal reactions has been
used, with explicit formulas derived in the triopoly case. In the three-player game (one controlled
player and two opponents with a common goal), equilibrium actions have been determined, and an
equation has been compiled for calculating the optimal SCV value of the controlled player.

In the triopoly model under consideration, a phantom reaction-based method has been developed
to determine the environment’s action inducing the controlled player to use the optimal SCV value
from the environment’s standpoint. This method has been developed into an algorithm to model the
action sequence of the environment and the controlled player in the informational control process;
the effectiveness of this process has been assessed.

Computer simulations have been carried out to demonstrate the effectiveness and economic
impact of the control algorithm. Although the controlled player receives higher profit only at two
steps of the game, this outcome is quite significant from a practical point of view. In real business,
the game moment often corresponds to the publication period of the company’s financial statements
(annually). Therefore, one or two years in which environment players receive predominant payoffs
can lead to large financial losses for the controlled player and even force the latter out from the
market. Consequently, the results of this study have practical value.
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